MATH 461 — Test 1, October 6, 2015

1. Suppose a 1D rod has a constant internal heat source, so that the equation describing the heat

flow within the rod is 5 P
U
a(m,t) A?z(mt)Jrl 0= w =k

Suppose we fix the boundary temperature to u(0,¢) = 0 and u(L,t) = 1. What is the steadv-state
temperature of the rod?

B a slcqoLj—eraL'e oo e have t%ft\_i o bk
we Sw(’\'j solue A 0DE
WK)rl=0 o wix)=-3Z
¥ BCe w(0)20 amdk u(l_)'—‘i.
\\-\(?a}f\;ou S\a\&s
wie)a — l\Z XA C
ulx) = 274,&4»(: KA C oy

Use BCs —+» detecnma C,G6 !

wley = ¢,
— - __E__,__L
U(L---—-——l—CL 1 =) <7 o2k L
2le




2. We know that the solution of the 1D periodic heat diffusion problem

Q_( t)—ka—Q( t) —r<z<mt>0
atu T, = 82:2'& Ir,t), ™ T T, y
a 0
U(—ﬂ',t) - H(W,t), %’u(_ﬂ-:t) - £U(ﬂ',t), t> 07

is of the form

[o.¢]
u(z,t) = ag + Z (an cosna + by sinnzx) et
n=1

Find the solution that satisfies the initial temperature distribution u(z,0) = sin?(2z).

Hint: Recall the trigonometric identities sin® A = 4 (1 — cos(24)) and cos® A = 1 (1 + cos(24)).
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3. Consider Laplace’s equation VZu(z,y) = 0 on the rectangle 0 < z < L, 0 < y < H with
boundary conditions

u(0,y) =0, (%u(ll,y) =au(L,y), u(z,0)=0, u(z, H)= f(z), a > 0.

Do not solve this equation! Apply only an appropriate separation of variables Ansatz and
show that the positive eigenvalues must satisfy v/Acos VAL — asinv/AL = 0. Do not WOTITy
about negative or zero eigenvalues.
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Show that the first three Chebyshev polynomials of the first kind, To(z) = 1, T1(z) = z and
To(z) = 222 — 1, are mutually orthogonal on the interval [—1,1] with respect to the weight
function w(x) = \/T_—_? In other words, show that

1
1
/ T (2)Ty(z)——=dz =0 for m,n =0,1,2 m £ n.
-1 v1— .’,UZ

Hint: Since one can also write T, (z) = cos(n arccos ), the substitution z = cosé and the
trigonometric identity cos®? 4 = J (1 4 cos(24)) should help.

Assuming that the orthogonality relations hold for all m,n > 0, how would you compute
the Fourier-Chebyshev coefficients of a function f that you want to represent by a Fourier—

Chebyshev series
oo

n=0
You can obtain the formula for ¢, by following the same procedure we used to obtain the
formulas for classical Fourier (sine and cosine) coefficients.
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