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Math 472: Midterm — Wednesday, Oct. 12, 2005

1. (a) Consider the differential equation y(¢) + ty/(t) + y3/(¢) = 1. Find the function f needed by
any numerical IVP solver.
(b) Write the Van der Pol equation 3"(t) = y/(t) (1 — y(£)?) — y(t) as a system of first-order
equations.
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2. (a) What is the basic difference between an explzczt and an émplicit method for solving [VPs
numerically? List at least one advantage for each type. Give an example of a method for each

type.
(b) What is the basic difference between a single-step and a multistep method for solving IVPs

numerically? List at least one advantage for each type. Give an example of a method for each

type.
(¢) What is the main advantage of Runge-Kutta methods compared with Taylor series methods?
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3. Consider the linear functional
Lf = f@+h) - f@) ~ 5 '@ ~ £z = h)].

(a) Show that L annihilates polynomials in Ps.

(b) Use the Peano kernel theorem to show that |Lf| < %hSH f"”|lco on the interval (z — h, z+h).
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4. Consider the IVP
y(ty=—-y@), y(0)=1.

(a) What is the value of the approximate solution at t; = 1 (i.e., b = 1) for Euler’s method?

=1
{b) What is the value of the approximate solution at ¢; = 1 {i.e., h = 1) for the backward Euler
method?
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5. {a) What does the Butcher tableaux look like for the explicit second-order Runge-Kutta method
with e = %?

(b) What is(are) the formula(s) to compute the “new” value ¢, ;1 for this method?
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6. The two-step leapfrog method is defined as

Ynt2 = Yn + 2h.f(t'n+1 ynJrl)-

(a) Is this a Taylor, Theta, Adams, BDF, Runge-Kutta method? List all that are appropriate.
(b) What is the order of the leapfrog method?

(c) What is its local truncation error?

(d) Use the Dahlquist Equivalence Theorem to show that it is convergent.
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7. Show that the BDF ]

4 2
Yn+2 ~ gYnt1 + 3Yn = ':,;h.f (tnt2: Ynta)

is convergent.
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