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|
Determinants

We will concentrate on a few — not so well-known, but useful — facts
about determinants.

Theorem

If A and D are square matrices (not necessarily of the same size) such
that A= exists, then

A B _
det (C D> = det(A)det(D — CA~'B),

where S = D — CA~'B is the Schur complement of A (cf. HW 2).

Remark
An analogous formula exists if D is invertible instead of A.
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Proof
Idea: Use block LU factorization because we know that:
@ Determinant of a product is product of determinants, i.e.,

det(A1Az) = det(Aq) det(Az).
@ Determinant of a diagonal matrix is product of diagonal elements.

This is also true for block matrices if we use determinants, i.e.,

Uy U
det ( 01 Ui) = det(U4) det(Us).
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Proof (cont.)
Similarly to the midterm exam, we get

(¢ 0)=(car 7)(6 o-cae):

det <é [B)> — det(l)de(1)det(A) det(D — CA™'B).

=1 =1

But then
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Example
in the context of kriging (cf. HW 2), the (scaled) kriging variance

K(x,x) — k(x)TK™"k(x)

can be computed as a ratio of determinants (see the multipage proof in
[Sch05, FWL04]).

Simple two line proof:
Let A=K e R™" B =k(x) c R™", C=k(x)T ¢ R"*",
D=K(x,x) eR,ie.,

det <k(5)T K’(()((fl)> = det(K) det(K (x, x) — k(x)"K™"k(x))

det <k(5)T fofx))

— K(x,x)— k(x)"Kk(x) = 3et(K)
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Computing the kriging variance — Example [FM15]
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Analytic Chebyshev kernel K(x, z) = Z Anen(X)pn(z) on 11 Chebyshev points in [—1, 1]

n=0
3 = %’ An = %, (Pn(x) = an(X)y
_ 1 b(1 — b?) — 2b(x? + 22) + (1 4 36)xz
K(x,2) = 5 +(1-b) (1= b2)2 +4b (b(x2 + 22) — (1 + b?)x2)
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Theorem
Let A be a nonsingular n x n matrix and ¢,d € R". Then

Q det(l+ced™)=1+d'c,

Q det(A+cd’) =det(A)(1 +d A ¢c).
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Proof
@ The following identity “magically” provides the proof:

(& D D) Car D= ) (ar

e c
—\07 dc+1

)
det( ! °> ~1,  det <'+0‘§d f) _ det(l + cd"),

I 0\ I c . i
det(_dr 1)—1, det(oT ch+1>—1+d C.

)
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Proof (cont.)

@ Rewrite
A+cd” =A(l+A"ed’),

let & = A~'c and then use (1) with & instead of ¢, i.e.,

Ty _ AagT
det(A -+ cd”) = det(A) det(l + A_cd)
=C
D det(A)(1 + dT&)
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